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SYMPLECTIC MANIFOLDS WITH DISCONNECTED CONTACT
TYPE BOUNDARY IN DIMENSION 4n
LEONARDO MACARINI
Abstract. We give examples of compact symplectic manifolds with disconnected
contact type boundary in dimension 4n for any n ≥ 1. The example is given by a
subset of the tangent bundle of a compact quotient of the complex hyperbolic space
endowed with the canonical symplectic form plus a generalized magnetic field and
its boundary is given by two hypersurfaces of constant kinetic energy. In particular,
when n = 1, it is obtained by the tangent bundle of a surface of genus > 1 endowed
with the canonical symplectic form plus the pullback of the Ka¨hler form by the
canonical projection as constructed in [6].
1. Introduction
The boundary ∂Z of a symplectic manifold (Z, ω) is said to have contact type if
there is a conformal symplectic vector field X (that is, £Xω = d(iXω) = ω) which
is defined near ∂Z and is everywhere transverse to ∂Z, pointing outwards. Given a
suitable almost complex structure J compatible with ω (that is, a compatible almost
complex structure which leaves the kernel of the contact form α = iXω invariant)
then a boundary of contact type is automatically J-convex (that is, dα(v, Jv) > 0
for every v ∈ Ker(α) \ {0}). In the case that J is integrable it is equivalent to the
definition of pseudo-convex boundary in complex analysis. Thus, the contact type
condition can be considered as its symplectic generalization.
The natural question is how much this symplectic analogue is more general than
the complex one. One of the basic facts in the complex case is that the boundary
of a compact complex manifold with pseudo-convex boundary is always connected.
The first example of a compact symplectic 4-manifold with disconnected contact type
boundary was given by D. McDuff in [7]. In particular, its completion as a convex
symplectic manifold is not diffeomorphic to a Stein manifold, showing that the former
class of manifolds strictly contains the latter. Further generalizations were given by
H. Geiges [3] giving 6-dimensional examples.
The aim of this work is to give examples of such manifolds in any dimension 4n.
More precisely, the main result is the following:
Theorem 1.1. There are examples of symplectic manifolds with disconnected contact
type boundary of dimension 4n for any n > 0.
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The construction of these examples is very natural and generalizes the twisted
symplectic structures on the tangent bundle of a Riemannian manifold M . Let us
recall that given a closed 2-form Ω on M , a twisted symplectic form on TM is given
by ω0 + π
∗Ω, where ω0 is the canonical symplectic form on TM induced by the
Riemannian metric and π : TM → M is the bundle projection. This symplectic
form has a physical meaning since the Hamiltonian flow given by the kinetic energy
(1/2)〈v, v〉 with respect to this symplectic form describes the motion of a charged
particle under the influence of the magnetic field Ω [1, 6].
It was showed in [6] that given a surface M of genus greater than 1 and a Rie-
mannian metric with constant sectional curvature −1, then the symplectic manifold
({(x, v) ∈ TM ; a ≤ ‖v‖2 ≤ b}, ω) has contact type boundary for any 0 < a < 1 and
b > 1, where ω is the twisted symplectic form ω0 + π
∗Ω and Ω is the Ka¨hler form on
M .
Theorem 1.1 is a direct consequence of the following theorem which generalizes this
example in a very natural way:
Theorem 1.2. Let M2n be a compact quotient of the complex hyperbolic space with
constant holomorphic sectional curvature −c for c > 0. Let ω0 be the canonical
symplectic form on TM induced by the Riemannian metric. Consider on TM \M
the 1-form given by
β(x,v)(ξ) =
1
‖v‖2
〈Jv,Kξ〉,
where K : TTM → TM is the curvature operator and J is the complex structure on
M . Then, the 2-form ω := ω0 + dβ is symplectic and given any 0 < a < c and b > c
the symplectic manifold ({(x, v) ∈ TM ; a ≤ ‖v‖2 ≤ b}, ω) has contact type boundary.
Remark. In particular, their completion M̂4n as convex symplectic manifolds satisfy
H4n−1(M̂) = Z, answering positively the question 3.2.B. in [2].
We call ω a generalized twisted symplectic form because it coincides with the twisted
symplectic form in dimension 2 (when n = 1, β is the connection form). Moreover, the
generalized magnetic field dβ(x,v) can be decomposed as a sum of a horizontal 2-form
Ω(x,v) and a vertical 2-form β¯(x,v) such that span{(0, v), (0, Jv)} is in the kernel of β¯(x,v)
(lemmas 2.1 and 2.2). With respect to a horizontal orthonormal basis {vi, Jvi}
n−1
i=0
such that v0 = v/‖v‖, Ω(x,v) has the simple form (lemma 2.3)
Ω(x,v)(u, w) =
[
− u −
] [ 0 ( 0 c−c 0 )(
0 c
2
Id
−
c
2
Id 0
)
0
] |w
|
 .
Finally, note that, if n > 1, the hypersurfaces Sc := {(x, v) ∈ TM ; ‖v‖ = c}
are not of contact type for the twisted symplectic form ω0 + π
∗ρ, where ρ is the
Ka¨hler form on M . In effect, it follows from the Gysin sequence that, if n > 1, then
π∗ : H2(M,R)→ H2(SM,R) is an isomorphism. In particular, ω0+π
∗ρ restricted to
Sc is never exact.
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2. Proof of the Theorem 1.2
Denote by J the complex structure on M and let G(x, v) = (0, Jv/‖v‖2) be a
vector field on TM where the decomposition is given by the horizontal and vertical
subbundles induced by the Riemannian metric. Denote the Sasaki metric on TM by
g(ξ, η) := 〈π∗ξ, π∗η〉+ 〈Kξ,Kη〉,
where π : TM → M is the bundle projection and K : TTM → TM is the curvature
operator. Since β(x,v)(ξ) = g(ξ, G(x, v)), we have by the symmetry of the connection
∇ of g that
dβ(ξ, η) = ξβ(η)− ηβ(ξ)− β([ξ, η])
= g(η,∇ξG)− g(ξ,∇ηG).
Now, suppose that ξ and η are both horizontal. A straightforward computation
shows that given a horizontal vector X and a vertical vector field Y we have that
π∗∇XY (x, v) = (1/2)R(v,KY )π∗X,
see [5]. Thus, we conclude that
g(ξ,∇ηG) = (1/2)〈R(v, Jv/‖v‖
2)π∗η, π∗ξ〉.
Consequently,
dβ(x,v)(ξ, η) = −〈R(v, Jv/‖v‖
2)π∗η, π∗ξ〉.
Lemma 2.1. The horizontal and vertical subbundles are orthogonal with respect to
dβ, that is, given ξ ∈ H(x, v) and η ∈ V (x, v) then
dβ(x,v)(ξ, η) = 0.
In particular, ω is symplectic.
Proof. LetW be the almost complex structure on TM given byW (ξh, ξv) = (−ξv, ξh).
Since W is parallel (because ω0 = g(W ·, ·) is closed) and defines an isometry, we have
that
dβ(ξ, η) = g(Wη,∇ξWG)− g(Wξ,∇ηWG).
Thus, it is sufficient to prove that ∇ξWG is vertical and that ∇ηWG is horizontal.
Given a vertical vector X and a horizontal vector field Y we have that (see [5])
∇XY (x, v) = ((1/2)R(v,KX, π∗Y ), 0).
In particular, ∇ηWG is horizontal.
Now, let us prove that ∇ξWG is vertical. Let {E1, ..., En} be an orthonormal
frame field that is geodesic at x and defined in a neighborhood U of x. This means
that ∇˜EiEj = 0 for all i and j, where ∇˜ is the Levi-Civita connection on M . Let
Xi(x, v) = (Ei(x), 0) be the horizontal lift of Ei. We will show that ∇XiWG ∈ V (x, t)
for all i. In effect, note that
WG(x, v) = −
n∑
i=1
〈Ei(x), Jv/‖v‖
2〉Xi(x, v).
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Hence,
∇XjWG =
n∑
i=1
Xj〈Ei(x), Jv/‖v‖
2〉Xi︸ ︷︷ ︸
(i)
+
n∑
i=1
〈Ei(x), Jv/‖v‖
2〉∇XjXi︸ ︷︷ ︸
(ii)
.
Since π : TM → M is a Riemannian submersion, the horizontal component of ∇XjXi
equals ∇˜EjEi = 0 which implies that (ii) is vertical.
Now, we will show that (i) vanishes. Let αj : (−ǫ, ǫ) → M be a curve adapted to
Ej and Zj the parallel transport of v along αj such that Xj =
d
dt
∣∣
t=0
(αj(t), Zj(t)). We
have
Xj
〈
Ei(x), Jv/‖v‖
2
〉
=
d
dt
∣∣∣∣
t=0
〈
Ei(αj(t),
JZj(t)
‖Zj(t)‖
〉
= 〈∇˜α′
j
(0)Ei, Zj(0)〉
= 〈∇˜EjEi, Jv/‖v‖
2
〉
= 0,
where the second equality follows by the fact that JZj is also parallel.
Now, recall that ω0 is given by
ω0(ξ, η) = 〈π∗ξ,Kη〉 − 〈Kξ, π∗η〉.
Consequently, we conclude by the orthogonality of the horizontal and vertical sub-
bundles with respect to dβ that ω is a symplectic form. 
Lemma 2.2. The subspace generated by (0, v) and (0, Jv) is in the kernel of dβ(x,v).
Proof. By the lemma 2.1, it is sufficient to prove that the subspace generated by (0, v)
and (0, Jv) is in the kernel of dβ(x,v)|V (x,v). Note that
dβ(x,v)|V (x,v) = d(β|TxM)v.
Now, write
(β|TxM)v(w) = f(v)β¯v(w),
where f(v) = 1/‖v‖2 and β¯v(w) = 〈Jv, w〉. Note that
dβ¯(v, w) = 〈w,DvJv〉 − 〈v,DwJv〉
= 〈w, JDvv〉 − 〈v, JDwv〉
= 〈w, Jv〉 − 〈v, Jw〉
= 2〈Jv, w〉,
where D denotes the covariant derivative of (TxM, 〈, 〉). Now, let {v, Jv, w1, ..., wn−2}
be an orthogonal basis of TxM . We have that
d(β|TxM)v(v, wi) = df ∧ β¯(v, wi) + f(v)dβ¯(v, wi)
= df(v)〈Jv, wi〉 − df(wi)〈Jv, v〉+ 2f(v)〈Jv, wi〉 = 0,
and
d(β|TxM)v(Jv, wi) = df(Jv)〈Jv, wi〉 − df(wi)〈Jv, Jv〉 − 2f(v)〈v, wi〉 = 0,
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for all i. On the other hand,
d(β|TxM)v(v, Jv) = df(v)〈Jv, Jv〉+ 2f(v)〈Jv, Jv〉
= −
2
‖v‖2
‖v‖2 + 2 = 0.

Thus, by the lemma 2.1, we can write
dβ(x,v)(ξ, η) = Ω(x,v)(ξ, η) + dβ(x,v)|V (x,v),
where Ω is the horizontal 2-form given by
Ω(x,v)(ξ, η) = 〈R(v, Jv/‖v‖
2)π∗ξ, π∗η〉
= −R(v, Jv/‖v‖2, π∗ξ, π∗η),
where R(X, Y, Z,W ) is the curvature tensor on M .
Lemma 2.3. Let {vi, Jvi}
n−1
i=0 be an orthonormal basis of H(x, v) such that v0 =
v/‖v‖. Then,
Ω(v0, Jv0) = c
Ω(vi, Jvi) = c/2, for all 1 ≤ i ≤ n− 1
Ω(vi, vj) = Ω(vi, Jvj) = 0 for all i 6= j
Proof. SinceM has constant holomorphic sectional curvature −c, the curvature tensor
is given by (cf. [4], page 166)
R(X, Y, Z,W ) =− (c/4)(〈X,Z〉〈Y,W 〉 − 〈X,W 〉〈Y, Z〉+ 〈X, JZ〉〈Y, JW 〉−
− 〈X, JW 〉〈Y, JZ〉+ 2〈X, JY 〉〈Z, JW 〉).
Consequently, we have that
Ω(w1, w2) = −R(v, Jv/‖v‖
2, w1, w2)
= (c/4)(〈v, w1〉〈Jv/‖v‖
2, w2〉 − 〈v, w2〉〈Jv/‖v‖
2, w1〉+
+ 〈v, Jw1〉〈Jv/‖v‖
2, Jw2〉 − 〈v, Jw2〉〈Jv/‖v‖
2, Jw1〉−
− 2〈w1, Jw2〉).
Applying directly the last equation, we have that
Ω(v0, Jv0) = (c/4)(‖v‖‖Jv‖/‖v‖
2 + ‖v‖‖Jv‖/‖v‖2 + 2) = c
and
Ω(vi, Jvi) = 2c/4,
for every 1 ≤ i ≤ n− 1. Now, let {w0, ...w2n−1} = {vi, Jvi}
n−1
i=0 . Thus,
Ω(wi, wj) =(c/4)(〈‖v‖w0, wi〉〈w1/‖v‖, wj〉 − 〈‖v‖w0, wj〉〈w1/‖v‖, wi〉+
+ 〈‖v‖w0, Jwi〉〈w1/‖v‖, Jwj〉 − 〈‖v‖w0, Jwj〉〈w1, Jwi〉−
− 2〈wi, Jwj〉).
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Consequently, if either i ≥ 2 or j ≥ 2, we conclude that
Ω(wi, wj) = −2〈wi, Jwj〉.
Hence,
Ω(vi, vj) = Ω(vi, Jvj) = 0,
if either i ≥ 1 or j ≥ 1 and i 6= j. 
Proposition 2.1. Let H(x, v) = (1/2)‖v‖2 be the Hamiltonian given by the kinetic
energy. Then the Hamiltonian vector field of H is given by
XH(x, v) = (v, R(v, Jv/‖v‖
2)v).
Proof. In effect, let ξ ∈ T(x,v)TM . Then,
ω(XH, ξ) = ω0(XH , ξ) + Ω(XH , ξ) + dβ|V (x,v)(XH , ξ)
= 〈v,Kξ〉 − 〈R(v, Jv/‖v‖2)v, π∗ξ〉+ 〈R(v, Jv/‖v‖
2)v, π∗ξ〉
= 〈v,Kξ〉 = dH(ξ),
because dβ|V (x,v)(XH , ξ) = 0, since (0, Jv) is in the kernel of dβ|V (x,v) by the lemma
2.2 and
R(v, Jv/‖v‖2)v = cJv
by the lemma 2.3. 
To finish the proof of the theorem, let α = λ + β be the primitive of ω, where
λ(x,v)(ξ) = −〈v, π∗ξ〉 is the Liouville form. Then, we have that
α(x,v)(XH) = λ(XH) + β(XH)
= −‖v‖2 +
1
‖v‖2
〈
Jv, R
(
v,
Jv
‖v‖2
)
v
〉
= −‖v‖2 + c,
because, by the lemma 2.3, R(v, Jv/‖v‖2)v = cJv.
LetX be the conformal symplectic vector field corresponding to α, that is, α = iXω.
We have that
ω(X,XH) = α(XH) = c− ‖v‖
2.
On the other hand,
ω((0, v), XH) = −‖v‖
2.
Now, suppose that c > 0. If ‖v‖2 < c then X points to the direction of (0,−v) and
if ‖v‖2 > c then X points to the direction of (0, v). Hence, X points outwards the
submanifold ({(x, v) ∈ TM ; a ≤ ‖v‖ ≤ b}, ω), concluding the proof of the Theorem
1.2.
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